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ABSTRACT 
It is shown that a formula of Heinig for the inverse of a Toeplitz matrix follows 
from a formula of the author for the inverse of a Hankel matrix. 
The explicit formulas of Gohberg and Semencul [4] and Heinig [6] for the 
inverse of a Toeplitz matrix have important applications and provide theoret- 
ical insight into the properties of Toeplitz matrices. Although it has been 
noted in several papers (e.g. [l-3, 5, 7, 81) that there is a close connection 
between the Gohberg-Semencul formula and the Toeplitz inversion formula 
given by the author in [9] (cf. also [ll]), the analogous connection between 
the Heinig formula and an inversion formula of the author [lo] for Hankel 
matrices appears to have gone unnoticed. We make this connection explicit 
here. We first state Heinig’s result. 
THEOREM 1 (Heinig, 1979). Suppose that the Toeplitz matrix 
Tn = (L):,.d 
is invertible; and let x0,. , ., x, and zO,. .., .z, be the solutions of the systems 
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and 
where $I n ~ 1 (which does not appear in T,,) is arbitrary. Let 
x,=0 ifr<Oorr>n; 2 n+1= -1, z,=O ifr<Oorr 
Let A,, and U,, be the lower triangular Toeplitz matrices 
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(2) 
> n+l. (3) 
A, = (L);,s=“~ un= b-X,,=n~ 
and let D,, and V, be the upper triangular Toeplitz matrices 
0,=(x 1” n+rps+l r,s=O> V,=(z )” ntr-s+l r.s=O’ 
(4) 
(5) 
Then 
T-’ = U,,D,, - A,,V,,. ” (6) 
We will deduce (6) from an inversion formula given in [lo] for a Hankel 
matrix 
H” = (cr+s):.s=n. (7) 
The following lemma is clearly implicit in the first paragraph of Section 3 of 
[lo]. For the reader’s convenience, we use the notation of that paragraph 
here. 
LEMMA 1 (Trench, 1965). Suppose that the matrix H, in (7) and its 
principal submatrix 
are both invertible, and let u~,~_~ ,..., u,_~ “_l and u0 *,..., u,, be the 
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solutions of the systems 
where G, + 1 in (9) (which does not appear in H,) is arbitrary. Define 
n-l 
A” = Gn + c cn+aUs,n-l~ (10) 
s=O 
u n,n-1= u n+l,n = 1, (11) 
andu n+l,nP, = 0. Then 
Hii’= (ars)k,I 
where 
a IS =a rpl,s+l + h,‘(u r,n-lUs+l,n -%%+1,“-1 9 > Odr,sdn, (12) 
with 
a-l,s+l=ar-l,n+l= 0, 0 < r, s < n. 03) 
By adding u, n_, times column s (s = 0,. . . , n - 1) of H, to its last 
column and invoking (8), it can be seen that 
detH,=X,,detH,_,; 
hence, our assumptions imply that A, # 0, so that the division in (12) is 
legitimate. However, to deduce the Heinig formula in complete generality, it 
is necessary to eliminate the assumption that H, _ 1 is invertible. The follow- 
ing stronger version of Lemma 1 was motivated by this requirement. It had 
not occurred to the author earlier. 
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THEOREM 2. Suppose that H, in (7) is invertible, and let to,. . . , E, and 
qo,. . . , TJ, be the solutions of the systems 
(14) 
and 
where C,, + I is arbitrary. For convenience, define 5,,. , = 0 and 
v fZ+1= 1. (16) 
Then HP; ’ = (a ,,)F, SE01 with 
subject to (13). 
Proof. Comparing (9) and (11) with (15) and (16) shows that 
71,=u sn, O<s<n+l. 
From (8), (lo), and (ll), 
From this and (14), 
(18) 
(19) 
if A, # 0. Now (18) and (19) imply that (12) can be rewritten as (17) if H, 
and H, _ I are both nonsingular. However, the quantities in (14), (15), and 
(17) are all continuous functions of C,, . . . , Ca, so long as det H, # 0; hence, 
(17) is also valid for all such C,, . . . , C,,, including those for which det H, _ I 
may happen to vanish. W 
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To obtain Theorem 1, we simply rewrite (1) and (2) as 
and 
and apply Theorem 2 to the Hankel matrix 
i.e., with 
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(20) 
(21) 
(22) 
Making this substitution into (14) and (15) and comparing the results with 
(20) and (21) shows that 5, =x, and 7, = - z, (0 d r d n). Moreover, 
q n+1= -II -n+1 by definition [cf. (3) and (IS)]. Therefore, (17) can be 
rewritten as 
a 
TS 
=a r~l,s+l+(X,+lZ,-X,~,+l), O<r,sGn. (23) 
for the Hankel matrix (22). With {a,, } as in (23), 
i ark&-k-s = h,, 0 < r, s < n. 
k=O 
Replacing k by n - k here yields 
hence, the elements of T;’ are 
b,, =u,,~-~. (24) 
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Finally, replacing s by n - s in (13) and (23) and using (24) shows that 
b -l,s-1= b r-l. -1= 0, 0 < r, Y Q n. (26) 
The last two equations are equivalent to the Heinig formula. To see this, 
simply perform the matrix operations in (6), recalling (3), (4), and (5), to 
obtain 
k=O 
Shifting the summation in the last sum yields 
b,, =(x,-,+1?. - V-,+1) 
IlliIl( I ~ 1. s - 1) 
+ c bn+k-(s-l)+lZ,-l-k - X,-l-kZn+k-(sel)+l)r 
k=O 
which is equivalent to (25) and (26). 
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